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Abstract. We examine p-groups with the property that every non-normal 
subgroup has a normahzer which is a maximal subgroup. In particular we 
show that for such a p-group G, when p = 2, the center of G has index at most 
16 and when p is odd the center of G has index at most . 

1. Introduction 

In this paper, and the one to follow, we will examine groups in which the nor- 
malizer of every non-normal subgroup is a maximal subgroup. We call such a group 
an MN-group. This paper will examine p-groups. The second paper will examine 
all other MN-groups. The principal result of this paper is the following: 

Theorem 1.1. Let G he a p-group in which every non-normal subgroup has p 
conjugates. Then 

'l6 ifp^2, 



[G : Z{G)] < 



if p > 2. 



If iJ < G has at most p conjugates, then [G : Na{H)] < p, therefore G is an MN- 
group. Also, as $(G) = G'G^, every p-th power must normalize every subgroup of 
G. 

In Section 2 we provide some of the background material and preliminary results. 
In Section 3, we examine p-groups with element breadth 1. In Section 4, we examine 
2-groups with element breadth 2. In Section 5, we examine p-groups with element 
breadth 2 for odd p. In Section 6, we make a conjecture that would generalize ll.il 
to groups with subgroup breadth k. In Section 7, we provide details about our use 
of GAP to solve this problem. 

2. Preliminary Results and Definitions 

All groups in this paper will be finite. Recall that a group is Hamiltonian if 
every subgroup is normal. The following theorem of Dedekind is the starting point 
for this paper: 

Theorem 2.1. Let G he a Hamiltonian group. Then G is either abelian, or G = 
Qs X (Z2)" X A where A is an abelian group of odd order. 

Proof See [15i]. □ 
We begin with some definitions: 
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Definition 2.2. The element breadth of an element x of a p-group G, ebr(a;), is 
defined to be the integer such that [G : Ccix)] = The element breadth of 

G, ebr(G'), is the maximum value that ebr(a;) takes over all the elements of G. 

It should be noted that "element breadth" is a non-standard term {breadth is 
the standard term). We use the term to distinguish between the previous definition 
and the following one. 

Definition 2.3. The subgroup breadth of a subgroup H in ap-group G, sbr(iJ), is 
defined to be the integer such that [G : Ng{H)] = p'^^'^W . The sub group breadth 
of G, sbr(G), is the maximum value that sbr(_ff) takes over all the subgroups of G. 
The cyclic breadth of G, cbr(G) is the maximum value that sbr(_ff) takes over all 
cyclic subgroups of G. 

As an example, consider an extra-special 2-group G of plus- type of order 2^™+^. 
Clearly every non- normal subgroup must be elementary abelian of order at most 2™. 
Let iJ be a non-normal subgroup of order 2™ generated by non-central involutions 

m 

xi, - ■ ■ , Xm- Then Gg{H) ~ Ccixi) has index at most 2™ so that sbr(G) < m. 

i=l 

As G is of plus-type, we have generators «i, ji, • • • ,im,jm such that {ik,jk) — Qs 
for I < k < m, each such Qg commutes with every other Qg and the —1 from each 
of the Qs's have been identified. In particular, a non-central involution of G is a 
product of involutions of the form a^bt where s ^ t, is one of «sj Js or kg and bg is 
one of it, it or kt. Consider the subgroup K = {iii2,jij2 • • ■ , i2m~ii2m,j2m-ij2m)- 
This group is elementary abelian and is clearly non-normal. Moreover, if some ele- 
ment g normalizes K it cannot conjugate the element igit to jsjt or kgkt therefore 
Ng{K) = Cg{K). It is easily seen that the centralizers of the generators of K 
are mutually distinct, therefore [G : Ng{K)\ = so that sbr(G) > to, therefore 
sbr(G) — TO. It can similarly be shown that an extra-special group of minus-type has 
subgroup breadth m — 1. Note also that every cyclic subgroup of order more than 4 
must contain the center, therefore must be normal, therefore cbr(G) — ebr(G) — 1. 
Therefore cyclic breadth has no influence on subgroup breadth. 

We will need use of GAP Q as well. In particular, we will use the notation 
[n,TO] to be group to of order n in the Small Group Library (It should be 
noted that the Small Group Library is not specific to GAP.) We access the library 
and use the GAP functions Conjugacy Classes and ConjugacyClassesSubgroups to 
determine the element and subgroup breadths of a p-group. We will repeatedly use 
the results of section 7 to show that certain groups involved in minimal counterex- 
amples do not have subgroup breadth 1. Finally, it should be noted that some of 
the groups that we must construct in GAP are constructed as finitely-presented 
groups, therefore we use the GAP function IsomorphismPcGroup to speed up nec- 
essary computations over what can be expected in a finitely presented group. 

For p — 2. ll.ll was first posed as a conjecture in In that paper it was shown 
that condition (TC), that is sbr(G) = 1, is equivalent to each of the following two 
conditions: 

(CO) The core Hq of every subgroup H of G "requires" all the conjugates of H, in 
the sense that the intersection of a proper subset of the set of distinct conjugates 
of H properly contains Hq- 
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(NC) The normal closure H'^ of every subgroup H oi G "requires" all the con- 
jugates of iJ, in the sense that the subgroup generated by a proper subset of the 
set of distinct conjugates of iJ is a proper subgroup of H'^ . 

The question of whether such a bound on the index of the center exists or not 
is found in P| as suggested research problem 830. In 11| it is shown that 

[G:Z(G)] </i^'^''(«)('°s.(P=^'<'=''))^ 

therefore the results in this paper are a great improvement over this result in the 
case that sbr(G') = 1. 

The central product of Qg and Dg, has subgroup breadth 1 and a center of index 
16, so the bound is the best possible when p = 2. For p = 3, the group 

(a, b, c I flP" = feP = = 1, [a, b] = aF\[a, c] = a^h, [6, c] = 1) 

shows the bound is sharp. For p > 3 the group 

(a, 5, c\aF^ ^bP ^c^ ^ 1, [a, b] = aF , [a, c] = a^b, [6, c] = 1) 

shows the bound is sharp. 

The following result bounding the clement breadth of a p-group with given cyclic 
breadth @. 



Proposition 2.4. If G is a p- group, then 
ehr(G) < 



2cbr(G') + 1 ifp^ 2, 
2cbr(G') ifp>2. 



In particular, this says that ebr(G') < 3 when sbr(G') = 1. 

Proposition 2.5. [16] If G is a p- group, then ebr(G) = I if and only if \G'\ =p. 

Proposition 2.6. [H] If G is a p-group, then ebr(G) =2 if and only if one of the 
following holds: 

(1) |G'| = p2 

(2) [G:Z{G)]^p^ and\G'\^p^. 

The following can be found in 0]: 

Proposition 2.7. Let G be a p-group in which the intersection of all the non- 
normal subgroups is non-trivial. Then p — 2 and G is isomorphic to one of the 
following: 

(1) G^gg xZ4 X (Za)^ 

(2) G = Qs X Qs X (^2)'^. Here Q% x Qs does not have subgroup breadth 1. 

(3) G — {g, A) with A abelian but not elementary abelian, 1 7^ G A and 

The first reduction we make is the following. 

Theorem 2.8. Ifshi{G) = 1 then ebr(G) < 2. 

We give several results about metacyclic groups and determine which metacyclic 
groups have subgroup breadth 1. The following may be found in Q. 
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Lemma 2.9. If G is a metacyclic p-group, then G has a presentation of the form 

{a,b\aP"^ = l,bP" =a^a'' = a'■) 

where 

m,n > 0,0 < r,/c <p",p" | fc(r - 1), and p"^ | r^" -1. 
Up to picking different generators, we may assume that k — or p> . 

Proof. The first statement is proved in For the second statement, if fc 7^ 0, we 
may obtain the result by replacing a or & with powers of a or 6. □ 

Corollary 2.10. Let G he a 2-group as in\E^ with ebr(G)=^ and sbi{G)=l. Then 
1(a) n (5)1 < 4. 

Proof. By 12.61 we know that G' has size either 4 or 8 and we can write 
G={a,b\ a^" = l,^^" = a^'"'\[a,b] = a"'-^) 

or 

G= (a,6 I a^" = 1,6^" = a'^'"'\[a,b] = a""-^). 

We assume that ^ > 3. Consider the first case. Note that we have that (6) is also 
normal in G, so without loss of generality, we may assume that \a\ > \b\. Note 
that \G\ = 2™+". Now, a" and b'^ are central, therefore if to > 5, (fo-^a^""') < G. 
Quotienting out by this subgroup, we get a corresponding metacyclic group with 
n = 2 and £ ^ 3. When to = 5, consider the subgroup (a^b) and when m > 5 
consider the subgroup {a~^ b). These groups both have order 4, and intersect 
(a) trivially, therefore by picking different generators, we may assume that G is 
a split extension Z2'n x Z4. Letting c be the generator of Z4, we still have that 
[a, c] = . In this group (c) has four conjugates. Therefore, we may assume 

that TO = 4 (when to = 3, G is clearly a split extension), hence £ = 3. It is easily 
verified, in GAP, that the groups with the given presentations for n — 2, 3 or 4, 
have element breadth 1. 

Consider the second case. Again, (6) is normal, so we assume \a\ > \b\. Also, 
{b^^a^ ) is normal in G if to > 6. When m = 6 consider the subgroup {a^b) and 
when TO > 6 consider the subgroup (a~^ b). As before, these groups intersect (a) 
trivially, therefore, we can write G as a semi-direct product xi Zg. However, if 
c is a generator of Zg, then (c) has more than two conjugates. Therefore to < 6. If 
TO = 5, suppose £ = i. When n = 1, G has element breadth 1. When n = 2 we get 
[64,28] and when n = 3 we get [128,130] neither of which have subgroup breadth 1 
by 17.21 and 17.31 It is easily checked that when i — 4 that G has element breadth 
1 in all possible cases. When to = 4, similarly, all remaining groups have element 
breadth 1. When to = 3, G is cyclic, therefore we are done. □ 

Now, we prove some structure theorems regarding metacyclic 2-groups with sub- 
group breadth 1. 

Lemma 2.11. Let G be a metacyclic p-group with the presentation as in \2.9l Then 
we have 

{bay = 6Ja^(i+''+'''+-+'''"') 
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Proof. By induction. When j — 1 this is obvious. Now suppose we have the 
statement for j — 1. Then 

{bay = {bay-^ba' = V-^a'^^+'^+'^'+-+'''~"^ba' = 

□ 

We prove some results about 2-groups. 

Theorem 2.12. // a 2-group G is metacyclic, non-abelian and sbr(G') = ebr(G') = 
1 then with the notation from W^ we have r = 2"^~^ + 1. 

Proof. We have [a, b] = a*""^. Since ebr(G) — 1, bv l2.5l we must have that a^^^ has 
order 2. This says that 2r = 2 (mod 2"), which says that r 2""^ + I {r ^ I 
since G is non-abehan). □ 

Theorem 2.13. // a 2-group G is metacyclic, sbr(G) = 1, and ebr(G) = 2 then 
with the notation as above, there is some n such that 

G^{a,b\a^ ^ ^ i^a'' = b^"'\[a,b] = a*^). 

Proof. Note first that G' — {[a,b]). This is true because clearly (a^) <] G and 
G/ (a^) is abelian, therefore G' < (a^) and no proper subgroup can have an abelian 
quotient. Suppose that (a) H (6) = 1. If a has order 2, then a and b commute 
and clearly G is abelian. Consider the subgroup (6). We have (5)° = {ba^^'^^) 
and (5)" = (6a^^'"+^). Hence we must have that (6) = (6a^^''+^). hi this case, 
r = 2™~^ + l so G has element breadth 1 bv l2.51 because G' has order 2. This shows 
that (a) and (b) intersect non-trivially. We showed in l2.10l that we cannot have that 
\G'\ — 8. Therefore G' must have order 4, and we may assume that r = 2™~^ + 1 or 
3 • 2"-2 I Suppose first that (6) = (6°) = (ba~''+^). Then a^""" = 6±2" bv [2T0l 
We must examine these groups for some small values of m and n first. Suppose that 
m = 4 so that r = 5 or 13 and we have a* = 6^^ . When n — 2, G= [64,28] and 
when n = 3,G =[128,130], neither of which have subgroup breadth 1 bv 17.21 and 
17.31 Both of these groups also have a unique normal subgroup of order 2 generated 
by a®, hence no quotient groups satisfy our hypothesis that a has order more than 
8. So we may assume that n > 4. Now, since H = we have that a® = 6^" 
is a power of b^ a^^ which has order 4 (throughout this proof the use of ± and 
=p indicates that one must consistently pick the sign on the top or the sign on the 
bottom). Since a^ has order 2, we must have (6^" a^^)^ = 6^" a^^ — a^. This 
says that is a power of b. However (a^)'' — a^" which says that a^ = a^*^ and a 
has order 8, a contradiction. Therefore to ^ 4. 

Now, assume that to > 4. We proceed by induction on the size of G. Given the 
relations for G it is easily verified that and 6^ are central. Moreover, (a^ ) 
and (a^ b^ ) are two central subgroups of order 4, therefore Z{G) is not cyclic. 
Therefore, there is some involution z which is not a commutator. We get that 
G = G/ (z) is a metacyclic group with element breadth 2. By induction the order of 
a in this quotient group must be 8. This says that a has order 8 or 16, contradicting 
our assumption. Hence we must have that n = 1 or 2. If n = 1, then b^ commutes 
with a. However This says that a has order 2™ ^ and we get 

the result by induction. Now, we assume that n — 2. We claim that this group 
is actually a split extension isomorphic to Z2™ xi Z4. Let (a) be the subgroup 
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isomorphic to Z2m. Consider the subgroup {a? b^^). When m = 5 we again 
have that G is a quotient of [128,130], so we assume that m > 6. Then a^" 
and b commute, hence (a^ 6^^)^ — c? b^^ — 1. This contradicts our earher 
statement that the generators of a metacychc group with element breadth 2 and 
subgroup breadth 1 generate subgroups with non-trivial intersection. 

Therefore, we may assume that m = 3. So G has a presentation of the form 

(a,5 I a** = 1,6^" = a^' , [a, 6] = a*^). 

Note that such a group has a unique central involution, namely a^, hence no quotient 
groups still satisfy the requirement that a has order 8. If fc = 3, the subgroup 
generated by b has four conjugates. If A: = 1, note that 1 = [6^ i ^] = W' = o"'- 
So we may assume that k — 2, which gives the lemma. □ 

By a result in 5], if G is a metacyclic 2-group, then ebr(G) < sbr(G) + 1, there- 
fore there are no metacyclic groups with element breadth 3 and subgroup breadth 
1. 

We remark that in the element breadth 2 case, the conjugacy class of b is the 
only one with four elements. Also the subgroup (5) has two conjugates. 

Recall that the only non-trivial automorphisms of order 2 of a cyclic group of or- 
der 2" send a generator a to a^^, a^" or a?" Wc call these automorphisms 
dihedral^ semi- dihedral and modular, respectively. We can use the above results to 
show the following. 

Theorem 2.14. If G is a 2-group with ebr(G) — 3 then sbr(G) ^ 1. 

Proof. Let a be an element with 8 conjugates. We aim to show that a has order 
8. Let A ~ (a) and H — Nc{{a)). Suppose that a has order 2" where n > 3. 
Then Aut(j4) = Z21.-2 x Z2 where the first factor is the automorphism a ^ 
and the second factor is the automorphism a — > and we get a homomorphism 
(f> : H ^ Aut{A). If (f){H) contains a dihedral automorphism, let i be a pre- 
image. Then consider (a, t) and the subgroup K = {t). Then K ^ K"" ^ {ta~^). 
Therefore a'^ € (t), so a has order 16 bv l2.10l However, in this case [a, t] has order 
8, a contradiction. Similarly, if (t>{H) contains a semi-dihedral automorphism, we 
again get that a'^ e {t). Therefore (j>{H) is cyclic. Let i be a pre-image of a 
generator. li H — G then we get that (a, t) must contain all eight conjugates of 
a, however, this group is metacyclic, a contradiction. Therefore [G : H] = 2. Let 
G = Goia)- Then \H/G\ — 4. If H/G is cyclic, then let t be the pre-image of a 
generator. Again (a,t) is metacyclic and since it has element breadth 2, a would 
have order 8. However, this is impossible since Aut(^) has no elements of order 
4. Therefore N/G = Z2 x Z2. Let b and c be pre-images of the generators of this 
group. We may assume that b induces a dihedral automorphism and c induces a 
semi-dihedral automorphism. Now, b^ and are central elements. Then (a, b) has 
element breadth at least 2, hence a must have order 8 and = b^ and similarly 
a'^ = . Suppose first that b does not have eight conjugates. In (a, 6), 6 already has 
four conjugates, hence b'^ must be one of these, that is, [b, c] = a^* where i = 0, 1, 2 
or 3. Note that this implies that b^ and are central elements. Suppose first that 
TO > 3. We look at the subgroup H — {ab"^"^ ). Conjugating by b and c we get 
= (a^ifo^""") and = (a^b^"^'^) respectively U H ^ H'' 01 H = H" then 
is a power of ab^ which has order 4. This implies that a is a power of b, a 
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contradiction. If H'' = then is a power of ab^ . Since has order 2, this 
imphes that a** = a^6^ which is also impossible by the structure of a metacyclic 
group with element breadth 2 and subgroup breadth 1. This shows that if h has 
4 conjugates, it must have order at most 8. Similarly, c has order at most 16. 
Note that since (6) has two conjugates in (a, 6), we must have that (a, b) <\ (a, b, c). 
Therefore \{a,b,c)\ < 256 and has element breadth 3. By 17.41 there are no such 
groups. This completes the proof. □ 

Next we prove two unpublished results of John Shareshian. 

Proposition 2.15. If G is a 2-group with subgroup breadth 1 and two involutions 
of G do not commute, then the center of G has index at most 16. 

Proof. Let G be a 2-group and let s and t be involutions such that [s,t] ^ 1. Then 
(s,t) is a dihedral group. Since does not have subgroup breadth 1 for n > 4, 
we clearly get (s,t) = D ^ Dg. Since s and t already have two conjugates in D, 
we must have D <J G. Let G = Cg{D). Then G = GD (see, for instance, 4.17 in 
[l^). Let z generate Z{D). We must have C Cl D < (z). li H < C is not normal 
in C, then H must contain z (otherwise ii H ^ K and H is conjugate to K, the 
four groups {t,H), {t,K), {tz,H) and {tz,K) arc distinct and conjugate). If C has 
no non-normal subgroup, then G is Hamiltonian and it is straightforward that the 
proposition holds. Otherwise, bv l2.71 one of the following occurs: 

(1) G ^ Qs X Z4 X (1j2)^ . It is straightforward to verify that the proposition 
holds in this case. 

(2) C = Qs X Qs X Here Qs x Qs does not have subgroup breadth 1. 

(3) G = (g,^) with A abelian but not elementary abelian, \ ^ ^ A and 

= a^^. Since g both centralizes and inverts g^, g has order 4 and 
g^ — z. Suppose some a G A has order eight. If g^ ^ then the involu- 
tions stg, stga^ ,tsg and tsga^ are distinct and conjugate, a contradiction. 
Next suppose there is some b £ A such that b has order 4 and 6^ g^. 
Then g^ = gb^, so stg, stgb^,tsg and tsgb'^ are distinct and conjugate, a 
contradiction. Therefore A is the direct product of a cyclic group of order 
4 and an elementary abelian group. Therefore [G : Z{G)] = 4 and it is 
straightforward to verify the proposition. 

□ 

Theorem 2.16. If shv^G)—!, ZiG) is cyclic and all involutions of G commute 
with each other, then G contains at most three involutions. 

Proof. Let z be the unique element of order 2 in Z{G) and let t ^ z have order 2 
in G. Let t' ^ the a. conjugate of t. Since [G : Gait)] = 2 we have Gait) <\ G, so 
Ccit') = Gait). Therefore if g G G^t), {tt'Y = tt' , while \i g € G - Gait), then 
{tt'Y = ft = tt'. Thus tt' e Z{G) and since t and t' commute, we have \tt'\ = 2, 
so t' = tz. Suppose there is some involution s in G besides i,t' and z. Since s and 
t commute, \st\ = 2 and st ^ {z,t,t'}. If Gg(s) = Gait), let g £ G - Gait). Then 
(st)^ = sztz — st, so Gcisi) / Gait). Then {s,t), {s,tz), {sz,t) and {sz,tz) are 
distinct and conjugate, a contradiction. □ 

The result of Blackburn (|2.7p will be used multiple times. We examine the 
groups in case 3 in more detail. Since g^ £ A any element of this group not in A 
has the form ga where a £ A. As mentioned above, g must have order 4. Also, g^ is 
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central. Now, every involution in A must centralize g, therefore so does ili{A). We 
must have that [A : fli{A)] < 4. li A = ili{A) then A is elementary abelian and 
C is abelian. Therefore, A is either isomorphic to Zg x (Z2)" or Z4 x Z4 x (Z2)". 
Consider the former case. If does not lie in Zg, then letting f be a generator of 
Zg, {g, t) is [32,14] which does not have subgroup breadth 1 bv l7.1l Otherwise, (g, t) 
is isomorphic to Qig and therefore contains a subgroup isomorphic to Qg. Consider 
the latter case. If g'^ is not the square of an element of A of order 4, then C contains 
a subgroup isomorphic to Z4 x Z4. This group contains quotients isomorphic to Qg 
and I?g. If is the square of an element of order 4 then C contains a subgroup 
isomorphic to Qs- 

Suppose that we have some a G C of order 8. If 5^ ^ a* then in {g, a) we have 
{g), {go?'), {ga^) and {ga^) are conjugate. If C > Zg x Zg, one of the generators 
of the direct factors of Zg x Zg cannot be equal to g"^ . So we can assume that 
C ^ Z2. x (Z4)'" X (Z2)" or C =S (Z4)™ X (Z2)". Suppose now that 5^ is the generator 
of a Z2. (Clearly if g^ is not a square in C, we can always pick a presentation for 
C such that g^ is such a generator.) Let a and b be elements such that |a|, |6| > 2 
and (a) fl (5) = 1. Then in {g,a,b), consider the subgroup H = (g). We have 
H"^ = {go?) and H'^ = {gh'^)- Since cannot be an element of one of the non-Z2 
factors, these two groups are clearly distinct from H and from each other. This 
says that we may assume that C = x (Z2)". Also, if g^ is the square of some 
element of order 4, then B contains a quaternion subgroup. However, only Qg and 
Q16 have subgroup breadth 1, which says that i = 2 or z = 3. Hence, in this case, 
B contains a subgroup isomorphic to Qg. Otherwise, since g inverts the element of 
order 2* we have a subgroup isomorphic to (a, 6 | a^' = 6'' = 1, [a, 6] = c?). If i > 2, 
the subgroup generated by h has at least four conjugates, hence we may assume 
that _B = Z4 XI Z4 (where the action is irreducible). By quotienting out by 6^ we 
get a quotient group isomorphic to ZJg and by quotienting out by a^lp' we get a 
quotient group isomorphic to Qg. 

3. p-GROUPS WITH ELEMENT BREADTH 1 

Bv 12.51 we know that \G'\ = p. We first state two results from jlj. Recall that a 
minimal non-abelian group is a group all of whose proper subgroups are abelian. 

Theorem 3.1. ^1] (1.18a) A minimal non-abelian p- group is isomorphic to one of 
the following: 

(1) Qs, 

(2) Pij = {a,b\ aP' = bP' = 1, [a,b] = aP' '),i> 2,j > 1, 

(3) P,,i,fc = (a, b, c\aP' =bP^ cP" , [a, b] = [6, c] = 1, [a, c] = 6), i + j > 2. 

Theorem 3.2. |J/ (4-2) Let G be a p-group with element breadth 1. Then G = 
{Ai * ^2 * • • • * Ak)Z{G) where '*' denotes a central product where the isomorphic 
central subgroups are the derived subgroups of the Ai 's. 

Using these results we will show the following: 

Theorem 3.3. Let G be a p-group with ebr(G)=sbr(G)=i. Then [G : Z{G)] = p^ 
unless p — 2 and G is isomorphic to one of the following: 

(1) (Z2)" X Qg * i?g, 

(2) (Z2)" xQg*P2,i,i. 
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Proof. Let G be a minimal counterexample to the theorem. That is, G is a p- 
group with [G : Z{G)] > that is not isomorphic to one of the above groups. By 
minimality of G we may assume that G = Ai * A2 ■ ■ ■ Ak where each Ai is minimal 
non-abelian. Consider the group A*B where A and B are minimal non-abelian. Let 
z be the generator of G' so that z'' — 1. We show that we may assume that every 
non- normal subgroup of either A or B contains z. Suppose not and suppose that 
A has a non- normal subgroup H and let Ki, • ■ • , ifp-i be its distinct conjugates in 
A. We choose H so that H does not contain z. Let i be a non-central element of 
B and assume we can pick t such that z ^ (t) . Then there is some b E B such that 
[t,b] — z, therefore t and tz are conjugate. Clearly the groups {H,t), {H,tz) and 
{Ki, t) are all distinct and conjugate, a contradiction. If no such t exists, then every 
non-normal cyclic subgroup, hence every non-normal subgroup of B contains z. So 
either A ov B has the given property and we may assume that p ~ 2. Without loss 
of generality, say B does. Bv 12.71 we have three possibilities for B: 

(1) B - Qs X Z4 X (Z2)", 

(2) S ^ Qs X Qs X (Z2)", 

(3) B = {g, C) with C abelian but not elementary abelian, 1 7^ G G and 
a3 = a^^ for aU a eC. 

The first two are clearly not minimal non-abelian. By our discussion in the last 
section, we may assume that B = P2.2- Note that B, hence G, has a normal 
subgroup of order 2 besides (z) such that B/N = Qg- Therefore consider G/N. 
By minimality of G, we get that AN /N = Dg or P2.i,i- Since A cannot contain N, 
we get that A must be one of these two groups. We get the groups [64,201] and 
[128,1006] neither of which have subgroup breadth 1 bv 17.21 and 17.31 

Therefore, we may assume that at least one of A or B is Hamiltonian, so assume 
that A is. Note that the only minimal non-abelian group is Qg. A central product 
of Qs with Qs is [32,49] and does not have subgroup breadth 1 bv l7.1i hence we only 
must show that Qg, * B does not have subgroup breadth 1 when B = Pi j ox B ^ 
Pi.i,k when {i, 1, k) ^ (2, 1, 1) or (1, 1, 2). (We note that the groups corresponding 
to (2,1,1) and (1,1,2) are isomorphic.) Consider the first case so that G = Qs* Pij- 
We do not use the standard generators for Qs as we have already used the variables 
i, j and fc, therefore we use x, y and z = xy in place of them. Suppose first that 
i > 2. Now, B has three involutions: a? , b^' and a?' b^' . Since we require 
that the common involution is also a commutator, we must have that a? = — 1. 
If b has order at least 4, then b^ is central, hence we may quotient out by (6^^ ). 
Hence we may assume that S is a modular group of order at least 16. So G has a 
presentation as follows: 

(x, y,a,b\ x'^ = \,x^ — j/^, [x, y] = x^ = —1, a? =1,6^ = 1, [a, b] = a? , [x, a] = 

[x,b] = [y,a]^[y,b],x^ ^ a^^ 

If i > 2, we claim that the subgroup H = {b, xa? ) has more than two conjugates. 
We have = (6, -xa^'"') and W = {ba'^^'\xa'^^'^). Suppose that H = Ry . 
Since both xa^ and —xa'^ are elements of i7, we must have that — 1 G 
However, H has order 4 and —1 is not the product of the two generators. Now 
suppose that H = . This says that a? e H , which is also impossible. Finally 
if Ry = then g which is also impossible. This proves that we may 

assume that i — 2. If j > 2 we may quotient out by the central subgroup (6'*) and 
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G has a section isomorphic to Qs * P2.2- This is group 201 of order 64, which does 
not have subgroup breadth 1 bv l7.2l This says that we may assume that i = 2 and 
j = 1 so that G — Qs * Dg. 

Next we suppose that B is isomorphic to Pi^i^k- Suppose that both i and k are 
at least 2. Quotienting out by a** and c*, G must have a section isomorphic to 
Qs * ^2,1,2- This is group 1008 of order 128, so bv 17.31 we may assume that one of i 
or fc is 1. Note also, that structure- wise, the roles of i and k are symmetric, hence 
we might as well assume that k = 1. Now suppose that i > 2. We quotient out by 
(a^) so that G has a section isomorphic to Qs *^3,i,i; however, this is group 1714 of 
order 128 which does not have subgroup breadth 1 bv l7.3l Hence G — Qs* ^2,i,i- 

This shows that only in the two exceptional cases of the statement of the theorem 
can fc > 1. We can easily verify that when k = 1, [G : Z{G)] < 4. Therefore 
it remains to show that if [G : Z{G)] = 16 then Z{G) is elementary abelian. 
Suppose that Z{G) has some element t of order 4. If ^ Qg * A2 where A2 is 
or i-2,1.1, we get groups [128,2162] and [256,26990] respectively, neither of which 
have subgroup breadth 1 bv 17.31 and 17.41 Therefore P G Qs * A2. Specifically, 

e Z{Qs*A2). When A2 = Ds there is a unique non-identity element of Z{Qs*Ds) 
therefore we only have one choice and we get [64,266] which does not have subgroup 
breadth 1 bv 17.21 When A2 = ^2,1,1 we get three choices for P which result in two 
different isomorphic classes of groups, [128,2160] and [128,2162], neither of which 
have subgroup breadth 1 bv 17.31 □ 

4. 2-Groups with element breadth 2. 

In this chapter all groups will be 2-groups. Let G be a group with element 
breadth 2 and subgroup breadth 1. We aim to show that [G : Z{G)] < 16. We 
first note that bv 12.61 in a minimal counterexample we must have that |G'| = 4. 
In this section, G will be a 2-group with element breadth 2 that is a minimal 
counterexample to ll. II 

Lemma 4.1. If G has element breadth 2, then ili{Z{G)) < G' . 

Proof. Suppose that z is a central involution that is not a commutator. Since G is 
a minimal counterexample, the center Z of G/{z) has index at most 16. We then 
have that [G, Z] < {z). Since z is not a commutator, we must have that Z is central 
in G, contradicting that G is a counterexample. □ 

Corollary 4.2. G has at most three central involutions. 

Proof. This follows immediately from |G'| = 4 □ 

Now let 2; be a central involution and let tt be the natural homomorphism from G 
to G = G/{z). For g e G,g e Z(G) if and only if [G,g] < {z). Suppose that there 
is no 5 e G such that [G,g] = (z). Then tt-\Z(G)) = Z{G) and since z e Z{G) 
we get that [G : Z{G)] = [G : Z{G)] < 16, a contradiction. Therefore there is some 
element g G G with [G,g] ~ (z). This implies the only conjugates of g are g and 
gz, so C — Ccig) has index 2 in G. Define 

X{g) = {h e G \ [G,h] ^ {t),CG{h) = G} 

Using the formula that [a, be] = [a,c][a,bY, we see that H{g) — Z{G) U X{g) is 
a subgroup of C. We also see that if a, 6 G X{G) then ab e Z{G). Therefore 
[H{G) : Z{G)] = 2. Since z e C, H{g) = t^-^(C r\ Z(G)). This implies that 
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\Z{G)\ > Therefore if [G : Z{G)] < 4 , [G : Z{G)] < 16. Since ebr(G) = l we 

get that G must be isomorphic to (Z2)" x Qg * Dg or (Z2)" x Qs* ^2,1,1- For both 
of these groups let A be the pre-image under tt of (Z2)" and let B be the pre- image 
of the second factor. We use GAP to determine what B can be. 

Theorem 4.3. Let B be an extension of the group Q^*D^ by {z). Then Z{B) has 
index at most 16. 

Proof. Using GAP, we obtain the following groups of order 64 that are extensions 
of Qs^-Ds: 200, 201, 217, 218, 220, 222, 223, 225, 228, 229, 230, 233, 237, 238, 243, 
244, 245, 265. By 17.21 the only groups from this list that have subgroup breadth 1 
are 200, 230, 238, 245, 265 and all of these have center of index at most 16. □ 

We also note that 200, 238 and 245 are the only ones of these that have no 
subgroup isomorphic to D^. 

Theorem 4.4. Let B be an extension of the group Qg, * P2,i,i by (z). Then Z{B) 
has index at most 16. 

Proof. Using GAP, we obtain the following groups of order 128 that are extensions 
of Qs * ^2.1,1: 1006, 1008, 1042, 1045, 1048, 1052, 1055, 1059, 1063, 1064, 1068, 
1072, 1076, 1083, 1088 1094, 1097, 1103, 1110, 1113, 1114, 1714, 1715, 1716, 1717, 
1718, 1719, 2158. Bv l7.3l the only groups from this list that have subgroup breadth 
1 are 1716 and 2158 and both of these have center of index at most 16. □ 

Now, since A = 1 we have that A must have element breadth at most 1. Next 
we consider the possible structures of A. 

Bv l3.31 if A is non-abelian, A can either be written as (Z2)" x (Qg *-Dg), (Z2)" x 
(Qg * -P2,i,i) or as CZ{A) where C is minimal non-abelian. However A must be 
elementary abelian. The first case contains dihedral subgroups, which is impossi- 
ble bv l2.15l In the second case A is clearly not elementary abelian as A has rank 
4. For the third case, Qg is the only possibility for C such that A is elementary 
abelian. Now Z{A) can have elements of order at most 4. Let t S Z{A) such that 
t"^ = 1. If £ Qg it is easily verified that {Qs,t) = Qg x Z2. As z g Qg we may, 
therefore assume that A ^ Qs x D where D is elementary abelian or that A is 
abelian with A elementary abelian. Consider the first case. Let t G D. Then the 
group tB has a center of index at most 16. Also, bv l4.1[ t is not central. We note 
that Z{tB) = Csit) n Z{B). For aU of the possible groups B except [128,2158], 
Z{B) < $(B). As Csit) is maximal in B, we have Z{tB) = Z{B). Therefore tB 
has a center of index 32, a contradiction. We may, therefore assume that A = Qg, 
in this case. If A is abelian, the same argument shows that A = Z4 or Z2. This 
shows that \G\ < 512. By O ESI O and O we may assume that \G\ = 512 so 
that A ^ Qg and B is either [128,1716] or [128,2158]. 

Both contain a subgroup isomorphic to Qg, therefore if [A, B] = 1 then G con- 
tains a subgroup isomorphic to either Qg * Qg or Qg x Qg, neither of which have 
subgroup breadth 1. Therefore [A, B] — (z). If _B=[128,1716] we can verify in GAP 
that this group has the structure (Zg x Qg) x Z2 and presentation: 

(a, b,c,d\a^ = b^ = d^ = 1, = [b, c] = b^, 

[a, b] = [a, c] = [6, d] = [c, d] — 1, [a, d] = 0%"^). 
In this presentation — z. Therefore, we can find some group of order 256 of the 
form ^(Zg X Qg). Using O we can check that only groups 6648, 26461, 26462, 
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53175 and 53232 have element breadth 2, subgroup breadth 1 and normal subgroup 
isomorphic to Zs x Qg, and none of these groups has a normal subgroup isomorphic 
to Qs- (Note that a group with element breadth 1 cannot have this structure by 
[3J1) 

Therefore, we may assume that B is [128,2158] which is isomorphic to Z2 x 
Qs * ((^4 X I2) X Z2). Consider the subgroup iB. It is easily shown that if 
C = (Z4 X Z2) X Z2 that iB = Z4C. We verify in GAP that no group in Ol 
has this structure. This completes the proof for 2-groups. 

5. p-GROUPS WITH ELEMENT BREADTH 2 FOR ODD p 

Our proof when p is an odd prime will differ greatly from that for p — 2, both in 
format and in length. There are several underlying reasons for this disparity. It can 
be shown that every irreducible representation of a 2-group with subgroup breadth 1 
has degree at most 4. The tensor product of the respective 2-dimensional irreducible 
representations of Qs and shows that this bound is sharp for Qs * Ds- Much can 
be said about groups all of whose irreducible representations have degree dividing 
p"^ ; however a proof using these facts would likely be fairly complex. By a theorem 
of Isaacs, much more can be said when all non-linear irreducible representations 
have degree p (regardless of parity) : 

Theorem 5.1. pi] (Theorem 12.11) A p- group, G, has irreducible representations 
of only degrees 1 and p if and only if one of the following holds: 

(1) G has a maximal subgroup which is abelian, 

(2) [G:Z{G)]^p\ 

By adding a hypothesis, we can show that (1) implies (2). 

Theorem 5.2. Let G be a p- group with subgroup breadth 1 and element breadth 2 
that is a minimal counterexample to [G : Z{G)] < p^ . Then G does not have an 
abelian maximal subgroup. 

Proof. Let \G\ — p". By Lemma 12.12 in 8], if A is an abelian subgroup with G/A 
cyclic, we have |^| = \G'\\A n Z{G)\. ByEllwe may assume that \G'\ = p^ . Then 
we have [A : A n Z{G)] = p^ . This clearly implies that Z{G) has index at most p^ . 
Therefore G cannot have an abelian maximal subgroup. □ 

We now use a series of smaller results to prove our main theorem: 

Theorem 5.3. Let G be a p-group with subgroup breadth 1, where p is an odd 
prime. Then [G : Z(G)] < p^ . 

Proof. Let G be a minimal counterexample to the claim that sbr(G) = 1 and 
[G : Z{G)] < p^. Bv l5.1l and l5.21 G is also a minimal counterexample to the claim 
that every non-linear irreducible representation of a group with subgroup breadth 
1 has degree at most p. Let (/> be a representation of degree where i > 1. By 
I3.3i we may assume that G has element breadth 2, and bv l2.6l we may assume that 
\G'\^p\ 

(1) Z{G) is cyclic. 

Proof. Suppose not. By Schur's lemma, the image of any irreducible rep- 
resentation has a cyclic center, therefore (j) is not faithful. Hence, G/ker((/)) 
also has an irreducible representation of degree p*; however all quotient 
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groups of G must also have subgroup breadth 1, therefore this is a smaller 
counterexample. □ 

(2) Let X = {x) be a subgroup of G of order p. Then X commutes with all of 
its G-conjugates. 

Proof. Since Ng{X)/Cg{X) is a subgroup of Aut(X) = Zj,_i, we have 
Ng{X) = Cg{X). Also for g G G, we have 

NG{xa) = Ng{XY = Ng{X) = Cg{X) = Cg{x) 

and clearly normalizes X^ . (The second equality follows from the fact 
that Ng{X) is a maximal subgroup of a nilpotent group, hence is normal.) 
Therefore, either X <\G oy Ng{X) is a maximal subgroup of G. □ 

(3) If y = (y) is another subgroup of G of order p then [X, Y] — \. 

Proof. Suppose not. Then X has p F-conjugates, call them Xi, ■ ■ ■ 
Since G has subgroup breadth 1, these are all of the G-conjugates of X. 
Hence N = {Xi, • • • , Xp) <\ G. By (2), N is elementary abelian, of order 
for some fc > 0. Let G = Gg{N). Since 

Gg{XS) = iVG(^^) = NG{xy = Ng{X) = Cg{X) 

we have that G = Cg{X). Since [X, F] ^ 1, we have Y is not contained in 
G, hence G = CY. Therefore, any element of that centralizes Y is central 
in G. However, since Z{G) is cyclic, we must have that Cn{Y) has order p. 
Since NY is a semidirect product with kernel A^, we have that AOv(F) = 
Cn{Y). Since G has subgroup breadth 1, we have [A^ : Nn{Y)] < p, hence 
we have k < 2. If fc = 1, then [X, = 1, a contradiction. Hence assume 
k — 2. Then NY = {x,y) is an extraspecial group of order p^. Now, both 
X and Y have p conjugates in NY, hence NY <l G. We claim that 

[G,YN] = [YN,YN] = Z{YN). 

We have G = YC. Then let yuy2 ^Y, c e C and n E N. Then 

[yic,y2n] = [yic,n][yic,y2r = [yi,n]''[c,n][yi,y2r''[c,y2r = [c, ri] [c, 2/2]" 
Now, since yA^ <] G, we have [YN, YN] O G hence we only must show that 
if c G G and y E Y, then [c, 1/2] £ [^A^, FA^]. Now, since Gg(j/2) has index 
p in G and Cc{y2) has index p in G we have that D ~ Cc{y2) has index p. 
Then G = DX . We therefore have 

[c,y] = [dxi,y2] = [d,y2f^[xi,y2] = [2:1,2/2] 

which is clearly a commutator of FA^. So [G, FA^] < [FA^, FA^]. Clearly we 
have the other inclusion, so [G, YN\ = \YN, YN\. Since YN is extraspecial, 
we have that [G,yA^] = Z{YN). Let = Cg{YN). Then [if,yA^] = 1 
and Hr\YN ^ Z{YN). Also, since H = Cg{Y) n GgCA^) has index at 
most p^ and |i^A^| = p^ we get G = YNH . Therefore, G is a central 
product of YN with H . Now, since FA^ has non-normal subgroups if H 
has non- normal subgroups, they must all contain ZiYN). However, bv 12.71 
this only is possible when p = 2. Therefore, H is abelian. Since X ^ H , 
and X < YN, we have HX is also abelian, and, having index p, produces 
a contradiction. □ 
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(4) rii(G) is an elementary abelian group of size . 

Proof. Let O = Vli{G). By (3), O is elementary abelian. Let Z = Z(G)nO. 
Since Z{G) is cyclic, \Z\ = p. li O — Z then G has a unique subgroup of 
order p, hence is cyclic. So we may assume that Z ^ O. Let X and Y be 
subgroups of O of order p both not equal to Z. If No{X) Ng{Y) then 
X xY has at least conjugates (neither X nor F can be normal because 
then X or y is central). Therefore, all non-central subgroups of G have the 
same centralizer, so C = Cg{0) = Gg{X), so [G : C] = p. Therefore, G 
acts on O as a linear group L of order p. Let g generate L. If g is in Jordan 
form with respect to some basis for O then, since Co{g) is contained in 
Z(G), we have Go{G) ~ Z. Therefore, g has exactly one Jordan block. 
Also, this means that if x e G — G then Go{x) — Z . Since G has element 
breadth 2, we have [O : Z] < p^, hence \0\ < p^. By a result of [ll], if 
jSli (G) I = then G is either metacyclic or a 3-group of maximal class. If G 
is a metacyclic group, j5|| says that G must have element breadth 1; however, 
our classification of such groups shows that this implies [G : Z{G)] — p^. 
If G is a 3-group of maximal class, this implies that [G : G'] = p^ which 
implies that G has order p^. Since p-groups have non-trivial centers, we 
clearly have [G : Z{G)] < p'^, a contradiction. Therefore, O has order 

p3. □ 

We now complete the proof of the theorem. Let G — Cq (O) and let /i 6 G — G. Let 
H — (h) and TV — Ng{H). As above, h acts with one Jordan block on O, therefore 
we can find x G O such that x ^ N. Let X = (x). Therefore, G is a semidirect 
product of X and N, and we have |^li(iV)l = p"^. (If |17i(A^)| — p we get that N is 
cyclic, therefore G is metacyclic and cannot have element breadth 2.) By the result 
above, N is either metacyclic or a 3-group of maximal class. If N is metacyclic by 

N has element breadth 1 and by 13.31 we have that N = {a,b \ a^" ^ = = 
1, [a,b] = aP"~^). Therefore, $(iV) = Z{N). Now, since ebr(iV)=l, we have that 
Cn{H) has index p, hence is maximal and must therefore contain Z{N). This shows 
that Z{N) = Z{G). Hence [G : Z(G)] = [G : Z{N)] ^ [G : N][N : Z(iV)] ^p^. If 
TV is a 3-group of maximal class, then, as above, we have that N has order 3^, hence 
G has order 3^ Now, NaiO) = Gg(0) which has index 3. Clearly O < Z{Gg{0)) 
and since a p-group cannot have a center of index p, we get that Gg(0) must be an 
abelian subgroup. (Note that this argument does not produce an abelian maximal 
subgroup in the generic case since we have no guarantee that all elements of Gg (O) 
must commute with each other.) This final contradiction completes the proof. □ 

We note that the proof of l5.3l does not necessarily imply that every p-group with 
element breadth 2 and subgroup breadth 1 has an abelian maximal subgroup since 
we were only examining the structure of a minimal counterexample to the theorem. 
However, we have no examples of p-groups for odd primes p with subgroup breadth 

1 which do not have an abelian maximal subgroup. 

6. p-GROUPS WITH SUBGROUP BREADTH MORE THAN ONE 

We conclude with a conjecture regarding p-groups with subgroup breadth more 
than one: 
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Conjecture 6.1. Let G he a p- group with subgroup breadth k. Then 

yp-^'^ if p > 2. 

It can be verified in GAP that there exist no groups of order 2^ with subgroup 
breadth 2 and center of order 2 and similarly there exist no groups of order 3^ with 
subgroup breadth 2 and center of order 3. It should be mentioned that both of these 
are substantial computations. The groups of order 512 are in the Small Groups 
Library, however, there are 10,494,213 such groups. Using trivial parallelization, 
approximately 50 processors were used to get a list of the sizes of the centers of 
all groups of order 512. There are 5,327 groups with center of size 2, only 10 of 
which have cyclic breadth 2. We rule these out case-by-case. The groups of order 
3® were obtained using the p-group generation algorithm fl^ implemented in the 
GAP package ANUPQ. 

It is clear that the methods of the proof of fOl in this paper cannot be extended to 
even the case k = 2. It should be noted that classifications of p-groups with element 
breadth 3 exist (see, for instance, 14 1 or [l3l)- However, no generic classification 



of p-groups with element breadth 4 exist. 

7. Computational Results 

In this section we provide a complete list of all 2-groups which have subgroup 
breadth 1, up to order 256. These calculations were all made in GAP. 

Theorem 7.1. A non-abelian group of order 32 has subgroup breadth at most 1 if 
and only if it is one of the following: 

2, 4, 5, 8, 12, 15, 17, 22, 23, 24, 25, 26, 29, 32, 35, 37, 38, 41, 46, 47, 48, 50. 

Theorem 7.2. A non-abelian group of order 64 has subgroup breadth at most 1 if 
and only if it is one of the following: 

3, 17, 22, 27, 29, 44, 45, 51, 56, 57, 58, 59, 84, 85, 86, 87, 88, 93, 103, 104, 105, 
110, 112, 113, 115, 126, 127, 184, 185, 193, 194, 195, 196, 197, 198, 200, 204, 
208, 212, 214, 230, 238, 245, 247, 248, 252, 261, 262, 263, 265. 

Theorem 7.3. A non-abelian group of order 128 has .subgroup breadth at most 1 
if and only if it is one of the following: 

5, 43, 44, 106, 108, 129, 131, 153, 154, 160, 164, 180, 181, 182, 183, 184, 457, 
458, 459, 460, 469, 476, 477, 480, 481, 483, 498, 499, 501, 509, 838, 839, 840, 
843, 844, 881, 882, 883, 884, 894, 895, 899, 914, 915, 989, 990, 998, 999, 1000, 
1001, 1002, 1003, 1004, 1602, 1603, 1604, 1606, 1608, 1609, 1618, 1634, 1635, 
1636, 1646, 1649, 1650, 1652, 1658, 1690, 1691, 1692, 1696, 1716, 2137, 2138, 
2151, 2152, 2153, 2154, 2155, 2156, 2158, 2165, 2169, 2173, 2175, 2198, 2208, 
2262, 2302, 2303, 2308, 2320, 2321, 2322, 2324. 

Theorem 7.4. A non-abelian group of order 256 has subgroup breadth at most 1 
if and only if it is one of the following: 

40, 124, 126, 317, 319, 453, 455, 498, 500, 531, 532, 538, 827, 828, 829, 830, 831, 
835, 1119, 1131, 1247, 3680, 3681, 3683, 3692, 4385, 4386, 4387, 4388, 4389, 
4390, 4395, 4396, 4398, 4399, 5526, 5527, 5531, 5532, 5536, 5578, 5579, 5586, 
5587, 5598, 5640, 5641, 5643, 5649, 6535, 6536, 6537, 6540, 6541, 66I4, 6615, 
6616, 6617, 6627, 6628, 6632, 6647, 6648, 6724, 6725, 6733, 6734, 6735, 6736, 
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10299, 10300, 10301, 10303, 10305, 10306, 10311, 13314, 13315, 13316, 13318, 

13320, 13321, 13337, 13349, 13350, 13352, 13359, 13361, 13364, 13368, 13411, 

13413, 13416, 13420, 13444, 13449, 13451, 13454, 13459, 13471, 13503, 26309, 

26310, 26311, 26313, 26318, 26319, 26382, 26383, 26384, 26387, 26403, 26404, 

26406, 26417, 26460, 26461, 26462, 26466, 26960, 26961, 26974, 26975, 26976, 

26977, 26978, 26979, 26980, 26981, 53039, 53040, 53041, 53043, 53047, 53048, 

53060, 53082, 53083, 53084, 53098, 53102, 53103, 53105, 53118, 53173, 53174, 

53175, 53184, 53232, 55609, 55610, 55627, 55628, 55629, 55630, 55631, 55632, 

55634, 55645, 55649, 55653, 55655, 55680, 55684, 55697, 56060, 56061, 56067, 

56083, 56084, 56085, 56087. 
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